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The conditions for  the onset  of t he rma l  nonequil ibrium in a nonsta t ionary  one-d imens iona l  
gas  flow with a smal l  mechanical  nonequil ibrium are  analyzed.  

Under ce r ta in  conditions, a nonsta t ionary  adiabat ic  gas  flow becomes  a t he rma l ly  nonequil ibrium 
flow. This  effect  can be used to design s imple  highly efficient va lve less  r ec ip roca t ing  heat  engines and 
r e f r i g e r a t o r s  [1]. It can also have a substant ia l  effect  on the c h a r a c t e r i s t i c s  of va r ious  va lve less  heat  
engines and r e f r i g e r a t o r s  with nonsta t ionary working-f luid flows, such as heat  engines employing the S t i r l -  
ing cycle [2]. 

Among the c h a r a c t e r i s t i c  f ea tu res  of the nonsta t ionary  gas flows in such t he rma l  machines  a re  smal l  
g a s - p a r t i c l e  veloci t ies  and acce le ra t ions  ( w / a  N 5 �9 10 -2, Dw/dt ~ 1" 103 m/sec2) ,  a negligible (compared to 
the durat ion of the m a c h i n e ' s  working cycle) t r ans i t  t ime  of r a r e f ac t i on  and c o m p r e s s i o n  waves  in the flow, 
and a c lose  to one-d imens ional  na ture  of thef low.  It has  been also shown by Khaskind [3] that  the p r e s s u r e  
gradient  in the flow is smal l  and that effects  assoc ia ted  with the heat  conductivity and v i scos i ty  of the gas  
a r e  negligible.  

Accordingly,  we shall  examine the one-d imens ional  nonsteady flow of an inviscid the rmal ly  noncon- 
ducting pe r f ec t  gas in a the rmal ly  nonconducting tube of constant  c ro s s  sect ion,  open at both ends (Fig. 1). 
The gas  p a r a m e t e r s  in the flow are  defined by the following sy s t em of equations: 

D w _  1 Op (la) 
dt p Ox ' 

ap _~ a(pw) =0,  (lb) 
Ot Ox 

dt 

P -- RT .  (ld) 
P 

V// / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / / /A  
ro(t) I ; I 
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Fig. 1. Schemat ic  d i ag ram of the gas  flow. 

By s imple  t r ans fo rma t ions ,  p can be el iminated 
f rom Eq. (1), and the equations can be wr i t ten  in a fo rm 
more  convenient for analysis :  

Dw a ~ 0 z~ (2a) 
dt n Ox 

D ~ Ow (2b) 
- -  - -  n - -  

dt Ox 

D 
- -  ( ~ - -  ~)  = 0,  ( 2 e )  
dt 
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w h e r e  

= ln p; x - - - - - - n  lnT; a 2 = n R T .  
n - -1  

We shal l  obtain  solut ions  of the s y s t e m  of equat ions  (2), which c o r r e s p o n d  to sma l l  va lues  of 01r/Ox and 
to negl igible  t r a n s i t  t i m e s  of  r a r e f a c t i o n  and c o m p r e s s i o n  waves  in the flow. 
case, we may set 

W(x, t) = W. (X, t) + W" (X, t), 

~(x, O = % ( x ,  t) + ~' (x, t), 

~(x, t) = ~ ( t )  + ~'(x, O, 

In th is  p r a c t i c a l l y  impor tan t  

(3a) 
(3b) 
(30) 

whe re  the sma l l  quant i t ies  w ' ,  T', ~r' c h a r a c t e r i z e  the d i s tu rbance  in t roduced  by a mechan ica l  nonequ i l ib r i -  
um of the flow, and We, ~'e c o r r e s p o n d  to a mechan i ca l  equ i l ib r ium flow ( O v / ~ x  = 0) at a gas  p r e s s u r e  of Pe 
= exp v e. 

The funct ions  (3) mus t  sa t i s fy  the boundary  condi t ions*  
z (0, t) = ~o (t), (4a) 

(0, t) = no (t), (4b) 

w (0, t) = wo (t) (4c) 

and the init ial  eondi t ion t  

T (x, t~) = z, (x). (4d) 

By subs t i tu t ing  e x p r e s s i o n s  (3) into Eq. (2) and e l imina t ing  t e r m s  of  h i g h e r - o r d e r  s m a l l n e s s ,  we 
obta in  a s y s t e m  of q u a s i - l i n e a r  d i f fe ren t ia l  equat ions  which define the r equ i r ed  funct ions  

Owe .~ 1 d ~ ~ O, (5a) 
Ox n dt 

_ _  0 % d n~ 0% + w. =0,  (5b) 
Ot Ox dt 

on'  n I Ow~ Ow, t = O  ' 

Ow' 1 ( a ~ '  + Ozd 1 ax + ~ w~ ~ O, n \ a t  

a o 
o-7- ( ~ ' - -  ~') + w, -~x (~' - -  ~')  = O. 

(5c) 

(5d) 

(5e) 

Since the quant i t ies  lr', w ' ,  T' m a y  be t r e a t ed  as  sma l l  c o r r e c t i o n s  to ~re, We, re  owing to a m e c h -  
an ica l  nonequ i l ib r ium of the flow, we have 

w' (0, t) = o, (6a) 

~' (0, t) = o, (6b) 

z' (0, t) = 0 (6c) 

and c o r r e s p o n d i n g l y  

w~ (0, 0 = Wo (0, (7a) 

�9 ~ (0, t) = % (t), (7b) 

�9 ~ (x, t.) = ~. (x), (7e) 

u~ (t) = ~o (t). (7d) 

*The  s y s t e m  of c oo rd i na t e s  is s e l ec t ed  such  that  the value x = 0 c o r r e s p o n d s  to the  tube end that  s e r v e s  
as  the gas  inlet .  
t The so lu t ions  of (3) a r e  independent  of  the init ial  condi t ion w(x, is) = 0 [3], because  of  the negl ig ib le  p r o -  
paga t ion  t ime  of r a r e f a c t i o n  and c o m p r e s s i o n  waves  in the flow. 
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T o g e t h e r  with the un iqueness  condi t ions  (7), "the Eqs.  (5a), (5b) def ine  the p r inc ipa l  t e r m s  of the  so lu t ions  
- the funct ions  We(X , t) ,  Te(X, t) ,  ~re(t). With the aid of the  r e m a i n i n g  equat ions  of s y s t e m  (5), We(X, t ) ,  
Ye(X , t) can  be  d e t e r m i n e d  f r o m  the un iqueness  condi t ions  (6) and the funct ion v ' ( x ,  t), w ' (x ,  t) ,  z ' (x ,  t).  

In the i n t eg ra t ion  of Eqs .  (Sa), (5b), it is convenien t  to change  the  i n d e p e n d e n t v a r i a b l e t f o r T r 0 a n d w  e 
fo r  v e 

[ d U 0 ~--I 
v~ = w ~  - - ~  / . 

In th i s  c a s e ,  Eqs .  (5a), (5b) t ake  the f o r m  

or, F ! = o  ' (Sa) 
Ox n 

O'c, + % a'r___~__~ _ 1 = O, (8b) 
a ~o ax 

while  the  condi t ions  (7) m a y  be w r i t t e n  as  

% (0, uo) = ~o (~ro), ( 9 a )  

v~ (0, uo) = Vo (~ro), (9b) 

"t:,~ (X, us) = "c s (x), (9C) 

w h e r e  

F r o m  Eq. (Sa), it fo l lows that  v e and w e a r e  l i n e a r  funct ions  of  the coo rd ina t e  

X 
v ~ ( x ,  ~ o )  = V o ( ~ o ) - - -  �9 

n 

The  f ie ld  of  ~'e v a l u e s  is  d e s c r i b e d  by  a f i r s t - o r d e r  l i nea r  p a r t i a l  d i f f e r en t i a l  equat ion  ob ta ined  by  
subs t i tu t ing  (10) into (8b) 

0% [ ~_] 0"% I=0. (11) a ~---~ + vo (~,o) - -  ax 

The  s y s t e m  of c h a r a c t e r i s t i c  equa t ions  tha t  c o r r e s p o n d  to Eq. (11) can  be r e p r e s e n t e d  in the f o r m  

dx 
d~o -- -- d "~e. 

X 
Vo ( ~ o )  - -  - -  

n 

S y s t e m  (12a) p o s s e s s e s  two independent  i n t e g r a l s  

C ~ = x e x p ~ - -  vo(~o) exp ~0 
n 

C 2  ~-~ ' r  e - -  ~ o  �9 

d "~0~ 

(12a) 

(12b) 

(12e) 

The  g e n e r a l  so lu t ion  of Eq. (11) is an a r b i t r a r y  funct ion of the  i n t e g r a l s  Ct, C 2 [4] 

F(Cl, C~)-=- 0. (137 

A solu t ion  of (11) is  uniquely def ined if the un iqueness  condi t ion - the cu rve  th rough  which the in-  
t e g r a l  s u r f a c e  (137 m u s t  p a s s  - is g iven.  The p r o b l e m  under  c o n s i d e r a t i o n  conta ins  two un iqueness  condi -  
t ions :  an ini t ia l  condi t ion (9c) and a bounda ry  condi t ion (9a). In the g e n e r a l  c a s e ,  to these  condi t ions c o r -  
r e s p o n d  two d i f fe ren t  i n t eg ra l  s u r f a c e s  (13) Ft(Ze, x,  %) = 0 and F2(Te, x,  v0) = 0. One of t he se  s u r f a c e s ,  
t o g e t h e r  wi th  the funct ion Te2(X, %) tha t  c o r r e s p o n d s  to it, s a t i s f i e s  the in i t ia l  condi t ion (9c) and d e s c r i b e s  
the f ie ld of ~-e va lues  in the gas  in i t ia l ly  conta ined  in the tube.  The o the r  in tegra l  s u r f a c e ,  t oge the r  with 
the c o r r e s p o n d i n g  funct ion ~-el(X, ~r0) s a t i s f i e s  the bounda ry  (9a) and d e s c r i b e s  the f ie ld of T e va lues  in the 
gas  admi t t ed  to the tube th rough  the s ec t ion  x = 0. Thus ,  the f ield of ~'e va lues  is d e s c r i b e d  by two func-  
t ions  : 
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a) x - Ud(Tr O) 

b) x - Uo(Zro) 

"re (X, n0) = "~,1 (x,  n0); 

"~, (x, ~0) = xe~ (x, ~0)- 

H e r e ,  Ud(Tr0) i s  t he  c o o r d i n a t e  of  p a r t i c l e s  s i t u a t e d  in  the  c r o s s  s e c t i o n  x = 0 at  an in i t i a l  p r e s s u r e  7r s.  

F r o m  r e l a t i o n  (10), it  fo l lows  tha t ,  c o r r e c t  to s m a l l  t e r m s ,  

d____uu + ___u __ Vo (~0) = 0. (14a) 
d~o n 

By i n t e g r a t i n g  the  d i f f e r e n t i a t i o n  equa t ion  (14a) fo r  the  i n i t i a l  cond i t ion  u(Trs) = 0, we ob ta in  

~a 

~S 

In the  g e n e r a l  c a s e ,  a s t e a d y  t e m p e r a t u r e  d i s c o n t i n u i t y  s u r f a c e  can  e x i s t  in the  c r o s s  s e c t i o n  x 
= Ud(r0). F r o m  t h e r m o d y n a m i c  c o n s i d e r a t i o n s  i t  fo l lows  tha t  for  Ts(0 ) - ~-0(rs) = 0 the  d i s c o n t i n u i t y  is  w e a k  
and is  e x p e r i e n c e d  only by the  d e r i v a t i v e s ,  whi le  for  Ts(0) - T0(~rS) ~ 0 we have  a s t r o n g  d i s c o n t i n u i t y ,  in 
which  c a s e  a j u m p  

a ~  = "~s (0)  - -  '~o (~,) 

t r a v e l s  t h r o u g h  the  tube.  

A me thod  p r o p o s e d  in [4] wi l l  be u sed  for  ob ta in ing  a so lu t i on  of Eq. (11), which  c o r r e s p o n d s  to the  
u n i q u e n e s s  cond i t i on  (9a). By s u b s t i t u t i n g  the  b o u n d a r y  cond i t ion  (9a) into the  r e l a t i o n s  (12b) and (12c),  
w e  ob ta in  

C1 = - -  J (no), ( 1 5 a )  

C,, = To (~o) - -  ~o, ( 1 5 b )  

w h e r e  

J(no) = C v0(~0) exp no d ~0- 
O 

By so lv ing  the Eq. (15b) wi th  r e s p e c t  to 7r 0 

z 0  = * (C~) 

and s u b s t i t u t i n g  (15c) into (15a),  we ob t a in  

(15o)  

C1 + J [qD (C~)] = 0. (16a) 

F r o m  e x p r e s s i o n s  (16a),  (12b), (12c) it  fo l lows  that  

xexp z._~0 + vo(g) exp ~ d~ =0 .  (16b) 
n n 

E x p r e s s i o n  (16b) de f i ne s  the  func t ion  Tel(X , 7r0) as  an i m p l i c i t  func t ion .  

The  s o l u t i o n  of  Eq. (11) tha t  e o r r e s p o n d s  to the  i n i t i a l  eond i t ion  (9e) m a y  be r e p r e s e n t e d  in the f o r m  

xe~ (x, z0) = ~s (Xs) + ~0 - - n , ,  (17a) 

w h e r e  the a u x i l i a r y  v a r i a b l e  x s is  de f ined  as  fo l lows :  

of 0 j' x 5 = x exp ~0 - -  n~ v0 (g) exp g - -  ~ d ~. (17b) 
n n 

~s 
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Fig.  2. T e m p e r a t u r e  f ie ld in a n o n s t a t i o n a r y  gas  flow: a) fo r  
i n c r e a s i n g  p r e s s u r e ;  b) fo r  d e c r e a s i n g  p r e s s u r e .  1) r = 0; 2) 
r  0.5; 3) r 1 6 2  = 1 . 5 .  

Fo r  eva lua t ing  the va lues  of w ' ,  T',  7r' it is advan tageous  to examine  the s i m p l e  ca se  w h e r e  d27r0/dt 2 
= 0, dv0/dTr 0 = 0, dT0/d~" 0 = 0, Ud(Tr0) --- [. H e r e ,  the so lu t ions  of Eqs.  (5c), (5d), (5e) tha t  c o r r e s p o n d  to the 
un iqueness  condi t ions  (6) may  be  w r i t t e n  in the f o r m  

"~ - - - - - ,  n M2 2 ' = ~ [ ~ (0) - - M e  (x)], (18a) 
n % l  

w' -- 1 [M~ (x) w (x) - -  M~ (0) ~ (0)l, (18b) 
n + 2  

w h e r e  

a 

E x p r e s s i o n s  (18a5, (18b) show that  the d i s t u r b a n c e s  7 ' ,  w ' ,  ~ '  caused  by a m e c h a n i c a l  nonequ i l ib r ium 
of the flow have  an o r d e r  of s m a l l n e s s  of M2e . For  condi t ions  c h a r a c t e r i s t i c  of t h e r m a l  m a c h i n e s  (w/a 
~ 5" 10-25, th is  l e ads  to e x t r e m e l y  s m a l l  ( r e l a t ive  va lues  be low 10-35 c o r r e c t i o n s  to T e = e x p [ ( n -  1)/n]~-e, 
Pe,  We" T h e r e f o r e ,  for  n o n s t a t i o n a r y  gas  f lows encoun te red  in t h e r m a l  m a c h i n e s  one may  accep t ,  with an 
a c c u r a c y  c o m p l e t e l y  s a t i s f a c t o r y  f o r  e n g i n e e r i n g  p u r p o s e s ,  the fol lowing e x p r e s s i o n s :  

n - - 1  
T = e x p  Te, (19a) 

n 

= we. ( 19b)  

Tak ing  these  e x p r e s s i o n s  into account ,  le t  us  ana lyze  the condi t ions  fo r  the onse t  of t h e r m a l  non-  
equ i l i b r i um in gas  f lows of t h e r m a l  m a c h i n e s .  Ana lys i s  of e x p r e s s i o n  (16b) y i e lds  the  m o s t  s ign i f ican t  r e -  
su l t s ,  s ince  beginning  with the m o m e n t  at  which Ud(Tr05 b e c o m e s  equal  to l ,  the t e m p e r a t u r e  f ie ld in the flow 
is d e s c r i b e d  so le ly  by the funct ion ~el(X, 7r05. 

F r o m  r e l a t i o n s  (16b) and (16c) it fol lows that  

1 
0%1 = [ 1 - - d T o ( n o ) ]  e x p - - [ n o - - q ~ ( ~ l - - n o ) l  n (205 
Ox d~o Vo [9 ( ~  - -  m)] 
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Since ,  in c o r r e s p o n d e n c e  wi th  (19a) 

OT n - -  1 T 0% 
Ox n Ox 

e x p r e s s i o n  (20) m a k e s  it p o s s i b l e  to d e t e r m i n e  the cond i t ions  fo r  the t h e r m a l  n o n e q u i l i b r i u m  of the  f low 
for  x -< Ud(V0). Th i s  e x p r e s s i o n  shows  tha t  the o n s e t  of t h e r m a l  n o n e q u i l i b r i u m  is  de f ined  by  the t e m p e r a -  
t u r e  b o u n d a r y  cond i t ions  T0(Tr0). 

If the g a s  f lows to the  tube  f r o m  an a d i a b a t i c  c y l i n d e r ,  then  d%(Tr0)/dTr 0 = 1 and the f low is  in t h e r m a l  
e q u i l i b r i u m :  ~Tel/3X = 0; at  the  s a m e  t i m e ,  ~'re~/~ro= 1.* 

If the  g a s  d i r e c t l y  in f ron t  of the tube r e l e a s e s  hea t  when the p r e s s u r e  is  i n c r e a s e d ,  and hea t  i s  s u p -  
p l i e d  to the g a s  when  the p r e s s u r e  d r o p s ,  we have  d%(Tr0)/dTr 0 < 1. It i s  no t e w or thy  tha t  th i s  c a s e  is  qu i t e  
t y p i c a l  fo r  hea t i ng  and r e f r i g e r a t i n g  uni t s ;  a p o s i t i v e  t e m p e r a t u r e  g r a d i e n t  ( ~ e l / ~ x  > 0) is  e s t a b l i s h e d  in the 
tube when  the  p r e s s u r e  i n c r e a s e s  (v 0 > 0), wh i l e  a nega t ive  p r e s s u r e  g r a d i e n t  ( ~ e l / a x  < 0) is  e s t a b l i s h e d  
when  the p r e s s u r e  d r o p s  (v 0 < 0). It i s  c h a r a c t e r i s t i c  tha t  fo r  d~-0(Tr0)/dlr 0 < 1 a l s o  3~e l /3v  0 < 1. 

If the g a s  f lows into the  tube  at  a c o n s t a n t  t e m p e r a t u r e  and in add i t i on  dv0/dTr 0 = 0, then  for  x - <  Ud(V0) 
a s t a t i o n a r y  t e m p e r a t u r e  f i e ld  

wi l l  be  p r e s e n t  in the  f low.  

T = T~ ( 1 -  x-~--'] / (21) 

F i n a l l y ,  l e t  us e x a m i n e  the c a s e  dTo(Tro)/dTro > 1, i . e .  , when  the  g a s  d i r e c t l y  in f ron t  of  the  tube  is 
s u p p l i e d  wi th  h e a t  when the  p r e s s u r e  i n c r e a s e s  (v 0 > 0) and r e l e a s e s  hea t  when the p r e s s u r e  d r o p s  (v 0 < 0). 
H e r e ,  a n e g a t i v e  p r e s s u r e  g r a d i e n t  (a~-el/~x < 0) c o r r e s p o n d s  to v 0 > 0, whi le  a p o s i t i v e  p r e s s u r e  g r a d i e n t  
(a~-e~/ax > 0) c o r r e s p o n d s  to v 0 < 0. At  the  s a m e  t i m e ,  ~Te~/31r 0 > 1. 

F o r  x -> Ud(7ro) , the  f low is in t h e r m a l  e q u i l i b r i u m ,  p r o v i d e d  the  gas  p a r t i c l e s  in the tube  a r e  in t h e r -  
ma l  e q u i l i b r i u m  at the in i t i a l  p r e s s u r e .  

The c u r v e s  in F ig .  2 i l l u s t r a t e  the  a f o r e s a i d  c h a r a c t e r i s t i c s  of the  t e m p e r a t u r e  f i e ld  in n o n s t a t i o n a r y  
g a s  f lows t y p i c a l  of t h e r m a l  m a c h i n e s .  The  c u r v e s  w e r e  p lo t t ed  fo r  n = 1.66, v 0 = c o n s t ,  ~Ts/~X = 0, and 
~'s(0) -- ~o(Tr s) = 0. The  i n i t i a l  t e m p e r a t u r e  d i s t r i b u t i o n  in the  tube  (P/Ps  = 1) and the  t e m p e r a t u r e  d i s t r i b u -  
t ions  tha t  c o r r e s p o n d  to ud /n Ivo[  = 0.7 and to  v a r i o u s  (but c o n s t a n t  for  each  curve)  v a l u e s  of r = d~-o(7ro)/dlr 0 
a r e  g iven  on the  g r a p h s .  

It is  obv ious  tha t  a l l  r e l a t i o n s  ob t a ined  a r e  a p p l i c a b l e  in the  c a s e  w h e r e  the gas  p a r t i c l e s  p a r t i c i p a t e  
in a p o l y t r o p i c  p r o c e s s ,  in which  c a s e ,  n is  the  p o l y t r o p i c  index.  

p ,  p ,  T 
R 
n 

x 

u 

Ud 

t 
w = du /d t ;  
7r = l np ;  
~- = [n / (n  - 1)] l n T  
v = w(dTr0/dt)-l; 

C1, C 2 
l t 

N O T A T I O N  

a r e  the  p r e s s u r e ,  d e n s i t y ,  and t e m p e r a t u r e  of  the  g a s ,  r e s p e c t i v e l y ;  
is  the  g a s  content ;  
is  an  a d i a b a t i c  exponent ;  
i s  the  E u l e r  c o o r d i n a t e ;  
i s  the  c o o r d i n a t e  of  a f ixed  gas  p a r t i c l e ;  

i s  the  c o o r d i n a t e  of  the  i n t e r f a c e  b e t w e e n  the g a s  i n i t i a l l y  con t a ined  in the  tube  and 
the  s u p p l i e d  g a s ;  
i s  t i m e ;  

i s  the  a u x i l i a r y  v a r i a b l e  of i n t eg ra t i on ;  
a r e  independen t  i n t e g r a l s  of the  s y s t e m  of  c h a r a c t e r i s t i c  equa t ions ;  
is  the  tube length ;  

*In o r d e r  to d e t e r m i n e  the  v a l u e s  of DTe/~Tr 0 tha t  c o r r e s p o n d  to g iven  v a l u e s  of  DTe/~'A , it  iS a d v a n t a g e o u s  
to use  e x p r e s s i o n  (11). 
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a 

D/dt  
is the speed of sound in the gas; 
is the individual (substantive) der iva t ive .  

S u b s c r i p t s  

s r e p r e s e n t s  initial state;  
0 r e p r e s e n t s  flow c h a r a c t e r i s t i c s  at the c ro s s  sect ion x = 0; 
e r e p r e s e n t s  flow c h a r a c t e r i s t i c s  for ~r/~x = 0. 

1. 
2. 
3. 
4. 
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